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We here examine the relation between odd-frequency spin-triple even-parity (OTE) Cooper pairs
and anomalous surface magnetic response in time-reversal invariant (TRI) spin-triplet superfluids
and superconductors. The spin susceptibility generally consists of two contributions: Even-frequency
odd-parity pair amplitudes and odd-frequency even-parity pair amplitudes. The OTE pair ampli-
tudes are absent in the bulk region, but ubiquitously exist in the surface and interface region as
Andreev bound states. We here clarify that additional discrete symmetries, originating from the
internal symmetry and point group symmetry, impose strong constraint on the OTE pair ampli-
tudes emergent in the surface of TRI superfluids and superconductors. As a result of the symmetry
constraint, the magnetic response of the OTE pairs yields Ising-like anisotropy. For the topological
phase of the 3He-B in a restricted geometry, the coupling of the OTE pair amplitudes to an applied
field is prohibited by an additional discrete symmetry. Once the discrete symmetry is broken, how-
ever, the OTE pairs start to couple to the applied field, which anomalously enhances surface spin
susceptibility. Furthermore, we extend this theory to TRI superconductors, where the corresponding
discrete symmetry is the mirror reflection symmetry.
PACS numbers: 67.30.H-, 74.45.+c, 67.30.er, 74.20.Rp
I. INTRODUCTION
Andreev bound states ubiquitously appear in inhomo-
geneous superconductors and superfluids including inter-
faces, surfaces, and vortices. The phase sensitive prop-
erty has been utilized as a probe for the pair symmetry of
host superconductors.1,2 In addition, it has recently been
unveiled that Andreev bound states have multi-faceted
properties as odd-frequency Cooper pair correlation and
Majorana fermions, giving rise to a drastic change of fun-
damental physical phenomena.
Anomalous charge and spin transport, electromagnetic
responses, proximity effects via Andreev bound states
have been clarified in light of odd-frequency Cooper pair-
ing.3–18 In accordance with the Fermi-Dirac statistics, a
wave function of Cooper pairs must change its sign after
a permutation of two paired fermions. Then, as shown
in Table I, the pairing symmetry in a single-band su-
perconductor is categorized to the four-fold way when
the inversion symmetry is preserved. Two of them are
even-frequency spin-singlet even-parity (ESE) and even-
frequency spin-triplet odd-parity (ETO) pairings, which
do not change the sign of Cooper pair wave function
by the exchange of times of paired fermions. There
still remain two possibilities of Cooper pair symmetries,
odd-frequency spin-singlet odd-parity (OSO) and spin-
triplet even-parity (OTE) pairs. Although conclusive ev-
idence of odd-frequency pairing in bulk materials has not
been observed experimentally since the first prediction
by Berezinskii,19 OSO and OTE pair amplitudes emerge
ubiquitously in spatially non-uniform systems through
Andreev bound states and anomalous proximity effect.
Majorana fermions that are fermions equivalent to
their own anti-particles are regarded as a special kind of
Andreev bound states peculiar to topological supercon-
ductors and superfluids. One of the most distinctive char-
acteristics of Majorana fermions is the Ising anisotropic
magnetic response, Majorana Ising spins.20–27 Majorana
Ising spins appear in the surface of time-reversal invari-
ant (TRI) topological superconductors and superfluids,
as a consequence of the chiral symmetry,24,26,27
{H(k⊥),Γ} = 0, (1)
where the chiral operator Γ that is anti-commutable
with the Bogoliubov-de Gennes Hamiltonian H(k) obeys
Γ2 = +1. The chiral operator Γ in Eq. (1) is constructed
as a combination of the particle-hole symmetry and time-
reversal symmetry for TRI superconductors and super-
fluids. The chiral symmetry can be constructed by com-
bining the operators of the particle-hole symmetry (C),
time-reversal symmetry (T ), and a discrete symmetry
(M), Γ = CTM. The chiral symmetry may be preserved
even if each discrete symmetry is broken.24,26,27
A promising platform for realizing Majorana Ising
spins is the superfluid 3He-B confined in a slab in which
the chiral symmetry is preserved by a hidden order-two
discrete symmetry even in the presence of a magnetic
field.24,27 The other possible candidates have been pro-
posed in topological crystalline superconductors includ-
ing the E1u scenario of the heavy-fermion superconductor
UPt3,
25 a superconducting nanowire,28 noncentrosym-
metric superconductors,29 and the superconducting topo-
logical insulator CuxBi2Se3.
30,31 In particular, although
conflicting experimental results have been reported in
CuxBi2Se3,
31–36 a consistent understanding is given in
Ref. 37 in the context of the topological odd-parity su-
perconductivity with the Fermi surface evolution. The
discrete symmetryM originates from an internal symme-
try in the case of 3He-B24,27 and a crystalline symmetry
in superconductors.25,26,28
2It has been widely accepted that the multi-faceted
pictures of Andreev bound states as Majorana fermions
and odd-frequency pairs are indispensable to understand-
ing their anomalous contributions to magnetic responses,
proximity effect, transport, and so on. In addition, a
strong relation between the zero energy Majorana mode
and odd-frequency pairing has been uncovered.38–43 It is
now important to establish unified understanding on Ma-
jorana Ising spins and the appearance of odd-frequency
pairs in topological superfluids and superconductors.
In this paper, we clarify the direct relation between
odd-frequency Cooper pairs and Majorana Ising spins in
TRI spin-triplet superfluids and superconductors. First,
we derive the generic formalism for spin susceptibilities
in TRI superconductors and superfluids in the frame of
the quasiclassical theory. The spin susceptibility is sepa-
rated to the contributions of ETO pairs and OTE pairs
in the case of spin-triplet superconductors and superflu-
ids. We here emphasize that a discrete symmetry origi-
nating from internal symmetry and crystalline symmetry
imposes strong constraint on the Cooper pair symmetry
emergent in a specular surface of TRI superfluids and su-
perconductors. As a result of the symmetry constraint,
the magnetic response of the OTE pairs yields Ising-
like anisotropy. We also illustrate that once the OTE
pairs are coupled to an applied field, they are responsible
for anomalous enhancement of surface spin susceptibil-
ity, contrary to the contribution of ETO pairs. In this
paper, special focus is placed on the surface spin suscep-
tibility of the superfluid 3He-B and superconductor UPt3
as concrete examples.
This paper is arranged as follows: In Sec. II, we sum-
marize the discrete symmetries in the context of the qua-
siclassical theory. We also derive the generic formalism of
spin susceptibility, which is applicable not only to super-
fluids but also to the surface region of superconductors
in the type-II limit. For TRI superfluids and supercon-
ductors, the spin susceptibility consists of the contribu-
tions from ETO and OTE pair amplitudes. In Sec. III,
we examine the role of a hidden discrete symmetry on
the odd-frequency pairs and the anomalous anisotropy
of surface spin susceptibility in the superfluid 3He-B. In
Sec. IV, the theory is extended to TRI spin-triplet su-
perconductors preserving a mirror reflection symmetry,
such as UPt3. The final section is devoted to conclusion
and discussion. The details on the derivation of the gap
equation in the presence of the dipole-dipole interaction
are described in Appendix. Throughout this paper, we
set ~=kB=1 and the Pauli matrices τµ in particle-hole
space and σµ in spin space. The repeated Greek indices
imply the sum over x, y, and z.
II. SPIN SUSCEPTIBILITY AND
ODD-FREQUENCY PAIRING
The zero-energy density of states and Cooper pairing
induced by surface and vortices can be directly associated
Parity Broken symmetry
∆ frequency spin parity translational time-inversion
ESE + − + OSO OTE
ETO + + − OTE OSO
OSO − − − ESE ETO
OTE − + + ETO ESE
TABLE I: Classification of possible Cooper pairing in bulk
superconductors: ESE, ETO, OSO, and OTE pairs. The fifth
and sixth columns show the Cooper pair amplitudes emergent
in systems with the breaking of translational symmetry and
time-reversal symmetry, respectively.
with discrete symmetries, such as the time-reversal sym-
metry, particle-hole symmetry, and crystalline symme-
tries. In Sec. II A, we summarize the discrete symmetries
of the Bogoliubov-de Gennes (BdG) Hamiltonian H(k)
and the quasiclassical propagator g. Subsequently, we
clarify that such discrete symmetry imposes strong con-
straint on odd-frequency pairing and gives rise to anoma-
lous magnetic response. In Secs. III and IV, we will illus-
trate the remarkable consequence of the odd-frequency
pair amplitudes, that is the Ising spin susceptibility in
TRI superconductors and superfluids.
A. Discrete symmetries in quasiclassical theory
Before going into the symmetries in the quasiclassical
formalism, let us start with the brief review on discrete
symmetries of a general BdG Hamiltonian, which play a
crucial role on determining the topologically nontrivial
properties of superconductors and superfluids. The BdG
Hamiltonian in bulk superconductors is in general given
as
H(k) =
(
ε(k) ∆(k)
∆†(k) −εT(−k)
)
, (2)
where ε(k) and ∆(k) are 2× 2 matrices in the spin space
and we suppose ∆T(−k) = −∆(k).
It is seen that H(k) in Eq. (2) has the particle-hole
symmetry
C H(k)C−1 = −H(−k), (3)
where C = τxK with K being the complex conjugation
operator converts the particle component of the quasipar-
ticle wavefunction to the hole component and vice versa.
In this paper, we consider TRI superfluids and super-
conductors, which yield Θ∆(k)ΘT = ∆(−k). The time-
reversal operator Θ is a unitary matrix and Θ2 = −1.
When we also suppose the absence of time-reversal break-
ing perturbation, Θε(k)Θ† = ε∗(−k), the BdG Hamilto-
nian H(k) preserves the time-reversal symmetry,
T H(k)T −1 = H(−k), T =
(
Θ 0
0 Θ∗
)
K. (4)
3In addition to such fundamental symmetry, the pair
potential may hold the discrete rotational symmetry in
spin and momentum spaces.24 Specifically, the B-phase of
bulk superfluid 3He is invariant under the joint rotation
of spin and orbital spaces SO(3)L+S. The π-rotation is
then defined as a subgroup of the continuous symmetry
group. In this case, we obtain U(π)∆(k)UT(π) = ∆(Rk)
with the π-rotation operators U(π) in spin space and R in
momentum space. For the case that U(π)ε(k)U †(π) =
ε(Rk), the BdG Hamiltonian satisfies the π-rotational
symmetry,24,27
U(π)H(k)U†(π) = H(Rk), (5)
where U(π) = diag[U(π), U∗(π)].
It is also found that superconducting states retain the
mirror symmetry if the pair potential is odd or even under
the mirror reflection, M∆(k)MT = ±∆(kM).
44 Here, we
define the mirror operator, M = i(σ · oˆ), where oˆ is
the unit vector normal to the mirror plane. The mirror
operator changes the spin σ → −σ + 2oˆ(σ · oˆ) and the
momentum k → kM = k − 2oˆ(k · oˆ). When the normal
state has the mirror symmetry, Mε(k)M † = ε(kM), the
BdG Hamiltonian holds the mirror reflection symmetry,
MηH(k)Mη† = H(kM), (6)
where
Mη =
(
M 0
0 ηM∗
)
, η = ± (7)
Note that even if each discrete symmetry is broken, the
BdG HamiltonianH(k) may still preserve a discrete sym-
metry constructed by combining some of discrete symme-
tries.
The equilibrium properties of superfluids and super-
conductors are well describable with the quasiclassical
theory,45 which is reliable in Tc0 ≪ TF (Tc0 is the tran-
sition temperature of the bulk 3He-B). The central ob-
ject is the quasiclassical Green’s functions g≡g(kˆ, r;ωn),
which are obtained by integrating the Matsubara Green’s
function G over a shell vF|k − kF| < Ec ≪ EF,
g(kˆ, r;ωn) =
1
a
∫ +Ec
−Ec
dξkτ zG(k, r;ωn). (8)
The normalization constant a corresponds to the weight
of the quasiparticle pole in the spectral function and the
Matsubara frequency is ωn=(2n+1)πT with n∈Z. The
full propagator is defined with the Nambu spinor of the
fermionic field operators Ψ = (ψ↑, ψ↓, ψ
†
↑, ψ
†
↓)
T by
G(k, r;ωn) =−
∫ β
0
dτeiωnτ
∫
dr12e
−ik·r12
×
〈
TτΨ (r+, τ) Ψ¯ (r−, 0)
〉
(9)
with r± ≡ r ± r12/2 and β
−1 ≡ T . The quasiclassical
propagator g that is a 4×4 matrix is parameterized with
Pauli matrices in spin space σµ as
g =
(
g0 + σµgµ iσyf0 + iσµσyfµ
iσy f¯0 + iσyσµf¯µ g¯0 + σ
T
µ g¯µ
)
. (10)
Here, σTµ denotes the transpose of the Pauli matrices
σµ. The off-diagonal propagators are composed of spin-
singlet and triplet Cooper pair amplitudes, f0 and fµ.
The quasiclassical propagator g ≡ g(kˆ, r;ωn) is gov-
erned by the Eilenberger equation,45
[iωnτ z − v(kˆ, r)−∆(kˆ, r), g]=−ivF ·∇g. (11)
with the normalization condition,[
g(kˆ, r;ωn)
]2
=−π2, (12)
where we introduce
∆(kˆ, r) =
(
∆(kˆ, r)
∆†(−kˆ, r)
)
. (13)
The term v in Eq. (11) consists of an external potential
vext and quasiclassical self-energy associated with Fermi
liquid corrections ν, as v(kˆ, r) = vext(r)+ ν(kˆ, r), where
ν =
(
ν0 + σµνµ
ν¯0 + σ
T
µ ν¯µ
)
(14)
The quasiclassical propagators also satisfy the following
relations arising from the Fermi statistics in Eq. (9),[
g(kˆ, r;ωn)
]†
= τ zg(kˆ, r;−ωn)τ z , (15)[
g(kˆ, r;ωn)
]T
= τyg(−kˆ, r;−ωn)τy. (16)
It is important to mention that the normalization condi-
tion, gf = −f g¯ and g¯f¯ = −f¯g, leads to the relation,
g¯0(kˆ, r;ωn) = −g0(kˆ, r;ωn). (17)
The discrete symmetries which are preserved by the
BdG Hamiltonian are extended to the quasiclassical for-
malism, which add constraint on the quasiclassical prop-
agator. First, the particle-hole symmetry in Eq. (3) is
recast into
C g(kˆ, r;ωn)C
−1 = g(−kˆ, r;ωn). (18)
This symmetry can be obtained from the basic relations
of the quasiclassical propagator in Eqs. (15) and (16).
For time-reversal invariant superconductors and super-
fluids which yeild Θ∆(k)ΘT = ∆(−k), the time-reversal
symmetry is
T g(kˆ, r;ωn)T
−1 = g(−kˆ, r;−ωn), (19)
where we also suppose that v does not contains the time-
reversal breaking term. Similarly, the π-rotational sym-
metry in Eq. (5) and mirror symmetry in Eq. (7) are
recast into
U(π)g(kˆ, r;ωn)U
†(π) = g(Rkˆ, Rr;ωn), (20)
4and
Mηg(kˆ, r;ωn)M
η† = g(kˆM, rM;ωn). (21)
We will show in Secs. III and IV that these discrete ro-
tational symmetries add a strong constraint to Cooper
pairings induced in a specular surface and give rise to
the Ising anisotropy of surface spin susceptibility.
B. Spin susceptibility in quasiclassical thory
We here derive the generic form of the magnetization
density Mµ(r) for superfluids under a spatially uniform
magnetic field H = Hhˆ. In this situation, the poten-
tial term v(kˆ, r) in the quasiclassical equation (11) is
composed of a magnetic Zeeman field and quasiclassical
self-energies ν,
v(kˆ, r) = −
1
1 + F a0
µnHµ
(
σµ
σTµ
)
+ ν(kˆ, r), (22)
where F a0 is the Fermi liquid parameter associated with
the enhancement of spin susceptibility and µn is the mag-
netic moment of 3He nuclei.46 In the quasiclassical for-
malism, the magnetization density is given by24,27,45,47
Mµ(z) =MN
[
hˆµ +
1
µnH
〈gµ(kˆ, z;ωn)〉kˆ,n
]
. (23)
This is also applicable to the surface region of super-
conductors in the type-II limit where the surface re-
gion within the coherence length ξ is much thinner than
the penetration depth of the external field. For su-
perconductors, µn in Eqs. (22) and (23) is replaced to
the Bohr magneton µB and the applied field H is re-
placed to the internal field B. In Eq. (23), we in-
troduce the average over the Fermi surface 〈· · · 〉
kˆ,n =
T
NF
∑
n
∫
dkˆ
(2π)3|vF(kˆ)|
· · · , where NF=
∫
dkˆ
(2π)3|vF(kˆ)|
is the
total density of states at the Fermi surface in the nor-
mal state and the Fermi velocity at k = kFkˆ is defined
as vF(kˆ)=∂ǫ(k)/∂k|k=kFkˆ. For three dimensional Fermi
sphere, one finds vF(kˆ) = vFkˆ and NF =
1
2π2vF
, which
reduces to 〈· · · 〉
kˆ,n = T
∑
n
∫
dk
4π · · · . The magnetization
in normal 3He is MN=χNH=
2µ2
n
1+F a
0
NFH .
The quasiclassical propagator must satisfy a constraint
given in Eq. (12) which requires the propagators to hold
the relation, gµ=(f0f¯µ+ f¯0fµ+ iǫµνηfν f¯η)/2g0. This re-
lates the spin component of quasiclassical propagators to
spin-singlet and -triplet Cooper pair amplitudes. Using
the relation and the symmetries in Eqs. (15), (16), and
(17), the magnetization density in Eq. (23) reduces to
Mµ(r)
MN
= hˆµ +
1
µnH
〈
f0f¯µ + f¯0fµ
2g0
〉
kˆ,n
. (24)
This indicates that only the mixing term of spin-singlet
and triplet Cooper pair amplitudes contributes to the
spin susceptibilities. This expression is a quite generic
form for Mµ(r) in superfluids and also applicable to the
surface region of type-II superconductors. This was first
derived in Ref. 48 for the aerogel-superfluid 3He-B sys-
tem.
C. Odd-frequency pairs and spin susceptibility
In general, the Cooper pair amplitudes are separated
to even-frequency and odd-frequency components, fµ =
fEFµ + f
OF
µ and f0 = f
EF
0 + f
OF
0 , where even- and odd-
frequency pair amplitudes are defined as (j=0, x, y, z)
fEFj (kˆ, r;ωn) =
1
2
[
fj(kˆ, r;ωn) + fj(kˆ, r;−ωn)
]
, (25)
fOFj (kˆ, r;ωn) =
1
2
[
fj(kˆ, r;ωn)− fj(kˆ, r;−ωn)
]
. (26)
In the case of spin-triplet superconductors and superflu-
ids, ETO components fEFµ exist in the bulk and an ap-
plied magnetic field induces OSO pairs fOF0 . The other
components, fEF0 and f
OF
µ , do not play an important
role in the bulk of spin-triplet superfluids and supercon-
ductors. As summarized in Table I, however, the trans-
lational symmetry breaking due to a surface boundary
condition and vortices, induces OTE components fOFµ
even in the zero field limit.1,7,38,49–51 Note that the OTE
Cooper pair amplitudes fOFµ are associated with the low-
energy density of states originating from the surface An-
dreev bound states.40,41 Furthermore, at the zero energy
limit, fOFµ is equivalent to the Majorana zero modes.
38,39
We now clarify the relation between OTE Cooper
pairs and spin susceptibility in spin-triplet superfluids
and superconductors. We here deal with a magnetic
Zeeman field perturbatively in parameter, µnH/∆≪ 1.
Then, we formally expand g0, f0, and fµ in powers of
µnH/∆: g0 = g
(0)
0 + g
(1)
0 + · · · , f0 = f
(1)
0 + · · · , and
fµ = f
(0)
µ + f
(1)
µ + · · · . At zero fields, TRI superflu-
ids and superconductors hold the time-reversal symmetry
(19). Combining the symmetric property in Eq. (19) with
Eqs. (15), (16), and (17), therefore, one finds
g
(0)
0 (kˆ, z;ωn) = −g
(0)
0 (kˆ, z;−ωn). (27)
Substituting all these in Eq. (24) and using the symmetry
in Eq. (27), one finds that the spin susceptibility χ ≡
hˆµχµν hˆν is composed of the contributions of odd- and
even-parity Cooper pair amplitudes,
χ(z) = χN + χ
OP(z) + χEP(z). (28)
The spin susceptibility tensor χµν is defined as Mµ =
χµνHν . The odd-parity contribution χ
OP(z) is given by
the mixing term of the OSO pair amplitude fOF0 and the
ETO pair fEF,
χOP(z)
χN
≡
1
µnH
Re
〈
f
OF(1)
0 hˆµf
EF(0)∗
µ
g
(0)
0
〉
kˆ,n
. (29)
5The even-parity contribution χEP(z) is given by the mix-
ing term of the ESE pair amplitude fEF0 and the OTE
pair fOF,
χEP(z)
χN
≡ −
1
µnH
Re
〈
f
EF(1)
0 hˆµf
OF(0)∗
µ
g
(0)
0
〉
kˆ,n
. (30)
This indicates that the spin susceptibility is separated
to the contributions from odd-parity Cooper pair am-
plitudes, χOP, and even-parity pairing, χEP, which mix
the field-induced spin-singlet pairing f
(1)
0 and spin-triplet
pairing at zero fields f
(0)
µ . The spin-triplet pairings f
(0)
µ
at zero fields are directly coupled to the applied field.
Note that only the ETO pairings f
EF(0)
µ remains finite in
the bulk of spin-triplet superfluids and superconductors
and the behavior of χOP is understandable with the rota-
tion of the d-vector, which is responsible for the diamag-
netic response χOP ≤ 0. In contrast, the OTE Cooper
pairs f
OF(0)
µ are absent in the bulk and induced by the
breaking of translational symmetry at surfaces, inter-
faces, or vortices. Therefore, the spin susceptibility at
surfaces is determined by the OTE pairing f
(0)
µ directly
coupled to the applied field in addition to the ordinary
contribution to the d-vectors. It has recently been clari-
fied that odd-frequency pairs increase the spin suscepti-
bility in the case of spin singlet superconductors.17
III. ODD-FREQUENCY PAIRS AND
MAJORANA ISING SPIN IN 3HE-B
In this section, we consider the spin susceptibility in
the B-phase of spin-triplet superfluid 3He confined in a
restricted geometry. The geometry is illustrated in Fig. 1.
As shown in Eqs. (29) and (30), the spin susceptibility
in TRI superfluids is determined by the pair amplitudes
in the absence of a magnetic field, f
(0)
µ . In particular,
we will show that the OTE pairing, f
(0)OF
µ plays a key
role. It is also clarified that the discrete symmetries add
a strong constraint on the emergent pair amplitudes f
(0)
µ
at surfaces, which gives rise to Ising anisotropy of surface
magnetic response.
A. Symmetry and odd-frequency pairings at zero
fields
We start by summarizing the remaining discrete sym-
metry in superfluid 3He-B confined in a slab geometry.
The symmetry group relevant to the normal 3He in the
bulk is given as G = SO(3)S × SO(3)L ×U(1)φ ×T×C,
where SO(3)S and SO(3)L denote the three-dimensional
rotational symmetry in spin and coordinate spaces, and T
and C are the time-reversal and particle-hole symmetries,
respectively. The bulk B-phase retains H = SO(3)S+L×
T × C, which is the maximal subgroup of G. The de-
generacy space is characterized with the relative rotation
specular surfaces
FIG. 1: (color online) Schematic picture of the geometry con-
sidered here. The liquid 3He is confined to a slab geometry
within z ∈ [0, D], where the two specular surfaces are situated
at z = z0 = 0 and D.
SO(3)S−L as R = G/H = SO(3)S−L×U(1)φ. Then, the
pair potential is expressed as ∆(k, r) = iσµσydµ(k, r),
where the d-vector of the B-phase is given by
dµ(kˆ, r) = Rµν(nˆ, ϕ)dµν(r)kˆν , (31)
where Rµν ∈ SO(3)S−L and we omit the U(1) phase for
simplicity. The rotation axis nˆ, the angle ϕ, and the
order parameter amplitudes ∆µ are obtained as the self-
consistent solution of the quasiclassical equation coupled
with the gap equation and Fermi liquid corrections. The
nˆ-texture is supposed to be spatially uniform, which is
forced by the confinement. The specular surfaces at z0 =
0 and D impose the quasiclassical propagators on the
boundary condition,
g(kˆ, z = z0;ωn) = g(kˆ, z = z0;ωn), (32)
where kˆ ≡ kˆ − 2zˆ(zˆ · kˆ) is the momentum specularly
reflected by the surface.
The confinement in Fig. 1 reduces SO(3)L to SO(2)Lz
that is the rotational symmetry about the surface normal
axis. The symmetry group in normal 3He confined in this
geometry is Gslab = SO(3)S × SO(2)Lz ×U(1)φ×T×C.
The pair potential relevant to this situation is given with
dµν(r) = Rµη(nˆ, ϕ)dην(z) in Eq. (31) as
46
dµν(z) = ∆‖(z) (δµν − zˆµzˆν) + ∆⊥(z)zˆµzˆν , (33)
where without loss of generality, we set ∆‖ ∈ R and
∆⊥ ∈ R. In such a geometry, the B-phase is still in-
variant under the simultaneous rotation in spin and or-
bital spaces about the surface normal axis, Hslab =
SO(2)Sz+Lz × T × C, where the SO(2)S+L symmetry is
expressed as
U(φ)∆(kˆ, z)UT(φ) = ∆(Okˆ, z), (34)
where (O)µν ≡ Rµν(zˆ, φ) denotes the rotational matrix
about the zˆ-axis by any angle φ. The 2 × 2 matrix in
spin space, U(φ), is the corresponding rotational matrix
in spin space and is defined as
U(φ) = U(nˆ, ϕ)e−iφσz/2U †(nˆ, ϕ), (35)
6where e−iφσz/2 is the SU(2) representation of (O)µν ≡
Rµν(zˆ, φ).
The π-rotational symmetry U(π) in Eq. (5) is defined
as the subgroup of SO(2)Sz+Lz , U(π) ≡ U(φ= π). This
imposes the additional discrete symmetry on the quasi-
classical propagator as shown in Eq. (20),
U(π)g(0)(kˆ, z;ωn)U
†(π) = g(0)(−kˆ, z;ωn), (36)
where U(π) = diag[U(π), U∗(π)]. Combining this with
the boundary condition in Eq. (32) and the relation in
Eq. (16), one obtains the relation between g(ωn) and
g(−ωn) at the surface z = z0 as
g(0)(kˆ, z0;−ωn) = U(π)τy
[
g(0)(kˆ, z0;ωn)
]T
τyU
†(π).
(37)
It is convenient to introduce g˜(0) obtained by the uni-
tary transformation of the original quasiclassical propa-
gator as
g˜(0)(kˆ, z;ωn) = U
†(nˆ, ϕ)g(0)(kˆ, z;ωn)U(nˆ, ϕ). (38)
The propagator g˜(0) obeys the quasiclassical equation
with the definition ∆˜ ≡ U †(nˆ, ϕ)∆(kˆ, z)U(nˆ, ϕ)∗ =
iσµσydµν(z)kˆν , [iωnτ z − ν˜(kˆ, z) − ∆˜(kˆ, z), g˜
(0)] =−ivF ·
∇g˜(0). This is equivalent to Eq. (11) in the case of nˆ = zˆ
and ϕ = 0. Then, Eq. (37) imposes the constraint on the
pair amplitudes f˜µ at the surfaces as
f˜
OF(0)
‖ (θk, z0;ωn) = f˜
EF(0)
z (θk, z0;ωn) = 0, (39)
where (f˜
(0)
x , f˜
(0)
y ) = f˜
(0)
‖ (cosφk, sinφk) results from the
SO(2)Sz+Lz symmetry. It turns out from Eq. (39) that
at the surface, only f˜z has odd-frequency Cooper pairs at
the surfaces and the even-frequency Cooper pairs survive
only in f˜‖. By using this notation, the pair amplitudes
f
(0)
µ ≡ f
(0)
µ (kˆ, z0;ωn) at the surfaces of superfluid
3He-B
are expressed as
fEF(0)µ = (Rµx(nˆ, ϕ) cosφk +Rµy(nˆ, ϕ) sinφk) f˜
EF(0)
‖ ,
(40)
fOF(0)µ = Rµz(nˆ, ϕ)f˜
OF(0)
z . (41)
Hence, the additional discrete symmetry in Eq. (36) aris-
ing from the SO(2)Sz+Lz symmetry in Eq. (34) imposes
a strong constraint on the possible symmetry of Cooper
pair amplitudes f
(0)
µ in superfluid 3He-B. In particular,
the OTE pairing fOF(0) that is responsible for χEP is
forced by the discrete symmetry to point to the surface
normal direction fOF(0) ‖ zˆ. In Sec. IV, this conclusion
will be extended to pair amplitudes in superconducting
states with mirror reflection symmetries.
B. Ising spin anisotropy
Substituting Eqs. (40) and (41) into Eqs. (29) and (30),
the spin susceptibility in Eq. (28) is recast into the fol-
lowing form:
χ = χN +
√
1− ℓˆ2zχ˜
OP + ℓˆzχ˜
EP. (42)
The contributions from odd-parity and even-parity pair
amplitudes are given as
χ˜OP
χN
= −
1
µnH
Re
〈
cos(φℓ − φk)f
OF(1)
0 f˜
EF(0)∗
‖
g
(0)
0
〉
kˆ,n
,
(43)
χ˜EP
χN
=
1
µnH
Re
〈
f
EF(1)
0 f˜
OF(0)∗
z
g
(0)
0
〉
kˆ,n
. (44)
Here, we introduce the unit vector, ℓˆµ(nˆ, ϕ)
23,24,27,47
ℓˆµ(nˆ, ϕ) ≡ hˆνRνµ(nˆ, ϕ), (45)
where φℓ = tan
−1(ℓˆy/ℓˆx) is the azimuthal angle of ℓˆ.
The OTE Cooper pair at zero fields, f˜
OF(0)
z , is equiv-
alent to the low-energy surface density of states within
|E| . ∆0,40,41
−
1
π
Img
(0)
0 (kˆ, z;ωn → −iE + 0+)
≈ |RefOF(0)(kˆ, z;ωn → −iE + 0+)|, (46)
which is always induced by the translational symmetry
breaking at the surface. The surface density of states has
poles at the energy
E
(0)
surf(k) =
∆0
kF
k‖, (47)
that is the dispersion of the surface bound states. In ac-
cordance with Eq. (46), the contributions from the sur-
face bound states are contained by χ˜OP. Although χ˜OP
is finite, the coupling of the OTE pairing with the ap-
plied magnetic field at the surface is parameterized by
ℓˆz(nˆ, ϕ).
Equation (42) is one of the main results in this paper.
This indicates that only the OTE pairs contribute to the
surface spin susceptibility when ℓˆz = 0, while χ for ℓˆz = 1
is composed of only the ETO Cooper pairs,
χ =
 χN + χ˜
OP for ℓˆz = 0
χN + χ˜
EP for ℓˆz = 1
. (48)
In the case of bulk superfluid 3He-B, since the OTE pair-
ing is absent, the spin susceptibility is given as χ =
χN + χ
OP, where χOP < 0 suppreses the spin suscep-
tibility. In contrast, the spin susceptibility contributed
7from the OTE pairs, χEP, is expected to increase the spin
susceptibility, which comes up to χ > χN.
17 As we will
discuss below, there is the critical magnetic field beyond
which ℓˆz becomes nonzero and the OTE pair contribute
to the surface spin susceptibility.
For 3He-B in a slab geometry, the nˆ-texture and the
angle ϕ are determined by the applied magnetic field,
the dipole-dipole interaction arising from the magnetic
moment of nuclei, and surface boundary condition. This
indicates that ℓˆz depends on an applied magnetic field.
Let us suppose nˆ = zˆ that is favored by the dipole-dipole
interaction and specular surface boundary condition in a
slab geometry. Then, one finds ℓˆz(nˆ = zˆ, ϕ) = cos θH for
a magnetic field H · zˆ = H cos θH . This configuration
of the nˆ-texture gives rise to the Ising anisotropy of the
spin susceptibility,
χ = χN + χ˜
OP sin θH + χ˜
EP cos θH . (49)
This indicates that for a magnetic field parallel to the
surface (θH = π/2), although the OTE pairings exists at
the surfaces, it does not couple to the applied field. The
resultant spin susceptibility is contributed from only the
ETO pairing, which stays about the same as that in the
bulk. The OTE pairing contributes to the surface spin
susceptibility when the applied field is tilted from the
surface normal direction or ℓˆz is nonzero.
The z-component of the unit vector, ℓˆz(nˆ, ϕ), has
the another physical meaning that it is associated with
non-trivial topological superfluidity of the B-phase un-
der a magnetic field.24,27 Since the magnetic field term
in Eq. (22) explicitly breaks the rotational symmetry in
spin space as well as the time-reversal symmetry, the
symmetry group of the normal 3He in a restricted ge-
ometry under a magnetic field is reduced to Gslab,H =
SO(2)
(hˆ)
S
×SO(2)Lz ×U(1)φ×C. Then, the BdG Hamil-
tonian of the B-phase is no longer invariant under the
π-rotational symmetry, U(π)H(k)U †(π) 6= H(−k). For
ℓˆz = 0, however, the B-phase still holds the hidden Z2
symmetry, Hslab,H = Z2 × C. The BdG Hamiltonian is
invariant under the discrete transformation given by the
combination of the time-conversion operator T and the
π-rotation U(π),
T U(π)H(k)[T U(π)]−1 = H(k). (50)
Combining the particle-hole symmetry in Eq. (3) with the
hidden Z2 symmetry, the chiral symmetry is preserved
in the momentum space along the kz-axis. As a conse-
quence, ℓˆz = 0 ensures the nontrivial one-dimensional
winding number,
w = −
1
4πi
∫
dkztr
[
Γ H−1(k)∂kzH(k)
]
k‖
= 2, (51)
where the chiral operator is defined as Γ = C T U(π).
According to the bulk-edge correspondence proven in
Ref. 52, the winding number w gives the number of the
zero energy states. The chiral symmetry and nonzero
winding number are responsible for the Ising anisotropy
of surface spins,24,27 which implies that the surface spin
operator Ssurf always points to the zˆ-direction, Ssurf =
(0, 0, Szsurf). The Ising spin nature of surface spins is con-
tained in the spin susceptibility (49) obtained from the
perturbative analysis.
When ℓˆz becomes nonzero, however, the Z2 symme-
try is no longer held and thus the B-phase undergoes
a phase transition to the non-topological phase, where
the hidden Z2 symmetry is spontaneously broken by the
nonzero ℓˆz.
24,27 The nonzero ℓˆz also destroys the Ising
character of surface spins and the magnetic response be-
comes isotropic.
C. Ginzburg-Landau regime
To capture the essential part of the relation between
the surface spin susceptibility and emergent Cooper
pairs, we here explicitly solve the quasiclassical Eilen-
berger equation (11) within the Ginzburg-Landau ap-
proximation. In the Ginzburg-Landau regime near Tc0,
we may replace the diagonal component of the quasi-
classical operator g to the normal-state propagator gN =
−iπsgn(ωn). For simplicity, the pair potential is assumed
to be spatially uniform. In addition, we formally ex-
pand the anomalous propagator f and the d-vector d in
powers of the applied field: f = f (0) + f (1) + · · · and
d = d(0) + d(1) + · · · . We first solve the equation with
H = 0 and then the finite field corrections are obtained,
order by order of (µnH/∆0). In the zero field, it is ob-
vious that the spin-singlet pair amplitudes are absent,
that is, f
(0)
0 = 0. We also note that the spatially uniform
pair potential is distorted by order (µnH/∆0)
2 and we
neglect d(1). The pair potential at zero fields preserves
the SO(2)Lz+Sz symmetry, which is given in Eq. (33).
The Cooper pair amplitudes at zero field are obtained by
solving the equation for f˜
(0)
‖ ,
53
vFkˆz∂z f˜
(0)
‖ = −2ωnf˜
(0)
‖ − 2πsgn(ωn)∆‖, (52)
and for f˜
(0)
z ,
vFkˆz∂z f˜
(0)
⊥ = −2ωnf˜
(0)
⊥ − 2πsgn(ωn)∆⊥. (53)
Using the specular boundary conditions at z = 0 and
z = D, one obtains the ETO pair amplitudes at zero
field as
f˜
EF(0)
‖ (θk, z;ωn) = −π
∆‖
|ωn|
sin θk, (54)
f˜
EF(0)
⊥ (θk, z;ωn) = −π
∆⊥kˆz
|ωn|
[
1−
cosh[(z −D/2)/λ]
cosh(D/2λ)
]
,
(55)
8where we have introduced λ = vF| cos θk|/2|ωn|. The
OTE component emerges in the surface region as
f˜
OF(0)
⊥ (θk, z;ωn) = −π
∆⊥|kˆz |
ωn
sinh[(z −D/2)/λ]
cosh(D/2λ)
, (56)
and f
OF(0)
‖ = 0.
The ESE and OSO pair amplitudes are induced by the
linear Zeeman corrections. The field-induced spin-singlet
pair amplitudes are governed by the following equation
that are obtained from Eq. (11),
ivFkˆz∂zf
(1)
0 = −2iωnf
(1)
0 − ω˜Lℓˆz f˜
(0)
⊥ . (57)
The magnetic Zeeman term is parameterized by the topo-
logical order ℓˆz and the effective Lamor frequency ω˜L is
defined as ω˜L =
2µnH
1+F a
0
. Solving the equation shown above,
one finds that the ESE Cooper pair amplitude is induced
at the surface z = 0 by the magnetic Zeeman field as
f
EF(1)
0 (kˆ, 0;ωn) =i
π
2
ℓˆz
ω˜L∆⊥|kˆz |
|ωn|2
×
[
tanh
(
D
2λ
)
+
D
2λ
sech2
(
D
2λ
)]
,
(58)
while the OSO pair amplitude does not appear at the
surface, f
OF(1)
0 (kˆ, 0;ωn) = 0. It is also found that the in-
tensity of the ESE Cooper pair amplitude in the central
region of the system (z ≈ D/2) exponentially decreases
with increasing D/λ. Therefore, the ESE pair amplitude
that are induced by the linear Zeeman corrections is lo-
calized in the surface region.
For D ≫ λ, the OTE and ESE pair amplitudes emer-
gent at the surface are simplified as
f˜
OF(0)
⊥ (θk, 0;ωn) = π
∆⊥|kˆz |
ωn
, (59)
and
f
EF(1)
0 (kˆ, 0;ωn) = i
π
2
ℓˆz|kˆz |
ω˜L∆⊥
|ωn|2
. (60)
Substituting these expressions of OTE and ETO pair am-
plitudes into Eq. (44), one obtains the first order correc-
tion to the even-parity Cooper pair contribution as
χ
(1)EP
surf =
7ζ(3)
12(1 + F a0 )
(
∆⊥
πT
)2
> 0, (61)
where ζ(3) is the Riemann zeta function. This clearly
shows that the even-parity Cooper pairs carry the para-
magnetic response χ
(1)EP
surf > 0. Note that the odd-
parity Cooper pair contribution χ
(1)OP
surf is absent in the
Ginzburg-Landau regime. To this end, the surface spin
susceptibility in the superfluid 3He-B is anomalously en-
hanced by the coupling of emergent OTE Cooper pairs
to the field-induced ESE pair as
χsurf = χN + ℓˆ
2
z(nˆ, ϕ)χ
(1)EP
surf . (62)
This implies that although the OTE pair amplitudes al-
ways exist in the surface of ETO superconductors and
superfluids and yield paramagnetic response, they do not
necessarily couple to the applied magnetic field. The
topological order ℓˆz that is associated with the sponta-
neous breaking of the hidden Z2 symmetry determines
the contribution of odd-parity Cooper pairs to the sur-
face spin susceptibility.
D. Numerical results
In the previous subsection, it has been clarified that the
surface spin susceptibility is parameterized by ℓˆz(nˆ, ϕ) as
shown in Eq. (42). The quantity ℓˆz quantifies the cou-
pling of the OTE pairing with the applied field, leading
to the Ising spin susceptibility and the zero value en-
sures that the B-phase stays in the symmetry protected
topological phase with a gapless Majorana cone. How-
ever, the value of ℓˆz(nˆ, ϕ) in equilibrium is determined
by minimizing the thermodynamic potential.
We here numerically evaluate the surface spin suscepti-
bility with self-consistent solutions. For this purpose, we
solve the closed set of self-consistent equations, composed
of the quasiclassical equation (11) for the quasiclassical
propagators g(kˆ, r;ωn), and the equations for quasiclas-
sical self-energies ν(kˆ, r) and the pair potential ∆(kˆ, r).
The pair potential is determined by the following gap
equation with the quasiclassical propagators,
dµν(r) =3|g|
〈
kˆνfµ
〉
kˆ,n
− g˜D (1 + 3δµν)
〈
kˆνfµ
〉
kˆ,n
− 3g˜D
[〈
kˆµfν
〉
kˆ,n
−
〈
kˆνfµ
〉
kˆ,n
]
. (63)
The pair interaction consists of the isotropic p-wave in-
teraction channel with the coupling constant g and the
anisotropic part originating from the dipole-dipole inter-
action between 3He nuclei. The dipole interaction, which
reduces the SO(3)S ×SO(3)L symmetry to SO(3)L+S ,
plays a crucial role on the topological phase transition
induced by a parallel magnetic field.24 The details on the
derivation of the gap equation are described in Appendix.
The quasiclassical self-energies ν0 and νµ are associ-
ated with the quasiclassical Green’s functions ĝ as
νj(kˆ, r) =
〈
A(j)(kˆ, kˆ′)gj(kˆ, r; iωn)
〉
kˆ′
, (64)
where A(j)(kˆ, kˆ′) is expanded in terms of the Legendre
polynomials Pℓ as A
(j)(kˆ, kˆ′) =
∑
ℓA
(j)
ℓ Pℓ(kˆ · kˆ
′). The
coefficients A(j=0)=As and A(j 6=0)=Aa are the symmetric
and antisymmetric quasiparticle scattering amplitudes,
which are parametrized with the Landau’s Fermi liquid
parameters, F s,aℓ , through F
s,a
ℓ = A
s,a
ℓ /[1 − A
s,a
ℓ /(2ℓ +
1)], where F s0 = 9.3, F
a
0 = 5.39, F
s
1 = −0.695, and F
a
1 =
−0.5. The numerical scheme to solve the self-consisten
equations with a specular boundary condition in Eq. (32)
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FIG. 2: (color online) Momentum resolved surface density
of states N (kˆ, z = 0;E) (a) and the OTE pair amplitude
|ImfOF
z
(kˆ, z = 0;E)| (b). (c) Field-dependence of the surface
spin susceptibilities, χ(0), χOP(0), and χEP(0) at T = 0.2Tc0.
We find ℓˆz = 0 for H < Hc, while ℓˆz 6= 0 when H > Hc.
is described in Refs. 47 and 54. We fix the thickness to
be D = 20ξ0.
Figures 2(a) and 2(b) show the momentum resolved
surface density of states
N (kˆ, z;E) = −
1
π
Img0(kˆ, z;ωn → −iE + 0+), (65)
and the OTE pair amplitude |ImfOFz (kˆ, z = 0;E)| at the
surface z = 0, respectively. Here, we set T = 0.2Tc0 and
µnH = 0, where ℓˆz = 0. It is clearly seen that there
exists the gapless surface bound state with the disper-
sion E(k‖) = ∆0kˆ‖, which is called the Majorana cone,
where kˆ‖ =
√
kˆ2x + kˆ
2
y is the momentum in the surface.
The momentum dependence of the OTE pairing traces
N (kˆ, z;E), which indicates that the surface density of
states is equivalent to the OTE pair amplitude, described
in Eq. (46). We also find fOFx = f
OF
y = 0, which is con-
sistent to Eq. (41).
The field-dependence of the surface spin susceptibil-
ity at T = 0.2Tc0 is plotted in Fig. 2(c). It is found
that the topological phase transition occurs at Hc =
0.001πTc0/µn ∼ 30G below which the dipole interaction
favors ℓˆz = 0 and the Z2 symmetry is preserved even in
the presence of the magnetic field. This is the topolog-
ical phase with w = 2 protected by the Z2 symmetry.
At the critical field H = Hc, since ℓˆz becomes nonzero,
the B-phase undergoes the spontaneous breaking of the
 0
 0.2
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 0.6
 0.8
 1.0
 0  0.2  0.4  0.6  0.8  1.0
FIG. 3: (color online) Temperature-dependence of the spa-
tially averaged spin susceptibilities, 〈χ〉, 〈χOP〉, and 〈χEP〉 at
µnH = 0.009πTc0 and D = 20ξ0.
Z2 symmetry which triggers the topological phase tran-
sition without closing the bulk energy gap. It turns out
from Fig. 2(c) that the topological phase transition is ac-
companied by the anomalous enhancement of the surface
spin susceptibility.
Figure 2(c) numerically confirms the prediction ob-
tained from the argument of the discrete symmetry in
Sec. II C. The surface spin susceptibility is divided into
two contributions, χ = 1 + χEP + χOP, where χEP and
χOP are the contribution from the even-parity and odd-
parity pair amplitude, respectively. The behavior of the
contribution from the ETO pairing, χOP, is understand-
able with the orientation of the d-vector at the surface,
because hˆ · fEF(0) contained in χOP indicates that the
d-vector at the surface is parallel to the applied field for
ℓˆz = 0 and d · d = 0 for ℓˆz. Therefore, the contribu-
tion of the ETO pairing reduces the spin susceptibility,
compared with that in the normal 3He and the resul-
tant value of χOP is expected from the Yosida function,
χ = 1 + χOP ≈ χbulk. However, as the ℓˆz deviates from
zero (i.e., H > Hc), the ETO pair amplitude tends to
yield hˆ · fEF = 0, corresponding to the situation that
the d-vector at the surface is normal to the applied field.
Thus as ℓˆz approaches ℓˆz = 1, the spin susceptibility from
the ETO pairing becomes zero (χOP → 0).
It is seen from Fig. 2(b) that there exist the OTE pair-
ings in the symmetry protected topological phase with
ℓˆz = 0 (i.e., H < Hc). Although the OTE pairings are
responsible for the anomalous proximity effect,40,48 they
can not be coupled to the applied field, hˆ · fOF = 0 as
shown in Eq. (41). In the non-topological phase with
ℓˆz 6= 0, however, the OTE pairing contributes to the spin
susceptibility.
As seen in Fig. 2(c), in contrast to χOP, the OTE
pairings (χEP) originating from the low-lying surface
states enhance the spin susceptibility and the resultant
spin susceptibility at the surface exceeds χN. We illus-
trate in Fig. 3 the temperature dependence of the spa-
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tially averaged spin susceptibility, 〈χ〉 ≡ 1D
∫D
0
χ(z)dz, at
µnH = 0.009πTc0 corresponding to the non-topological
phase. As discussed in Ref. 47, the T -dependence of 〈χ〉
in 3He-B confined to a slab exhibits the non-monotonic
behavior where there exists a critical temperature below
which 〈χ〉 increases as T decreases. We now identify that
the increase of 〈χ〉 in the low temperature regime of the
non-topological phase reflects the coupling of the OTE
pairing with the applied field, which in the topological
phase with H < Hc 〈χ〉 monotonically decreases as T de-
creases. Hence, the anomalous behavior of the spatially
averaged spin susceptibility is understandable with the
concept of the odd-frequency even parity pairing, which
may be observed in NMR experiments.
IV. TOPOLOGICAL CRYSTALLINE
SUPERCONDUCTORS
In Secs. II and III, we have developed the theory on the
relation between odd-frequency pairing and anomalous
magnetic response of time-reversal invariant superfluids.
In this section, we now extend this theory to time-reversal
invariant superconductors that preserves the mirror re-
flection symmetry. We first summarize the consequence
of the mirror reflection symmetry that imposes constraint
on the Cooper pair amplitudes emergent in the surface.
A. Mirror reflection symmetry and Ising spin
anisotropy
Let us first suppose a topological crystalline supercon-
ductor that retains the mirror symmetry. The pair po-
tential is even or odd under mirror reflection,
M∆(k, r)MT = η∆(kˆM, rM), η = ±. (66)
The mirror reflection operatorM and the mirror reflected
momentum kˆM have been introduced in Sec. II A. We
here consider the configuration of the specular surface
and mirror reflection plane as displayed in Fig. 4, where
the unit vectors, oˆ and sˆ, are normal to the mirror plane
and surface, respectively, and we set oˆ ⊥ sˆ. The distance
from the specular surface is denoted by rs ≡ r · sˆ.
The mirror symmetry in Eq. (66) topologically pro-
tects the zero energy states that are bound to the sur-
face of TRI spin-triplet superconductors. For a supercon-
ducting state that retains the mirror symmetry (66), the
BdG Hamiltonian H(k) satisfies the discrete symmetry
in Eq. (6). Combining the mirror symmetryMη with the
time-reversal symmetry T and particle-hole symmetry C,
we have the mirror chiral symmetry25,27,28
{Γ,H(k0)} = 0, Γ = C T M
η, (67)
where k0 is defined as
k0 · oˆ = 0. (68)
mirror plane
surfac
e
FIG. 4: (color online) Configuration of the specular surface
and mirror reflection plane. The unit vectors, oˆ and sˆ, are
normal to the mirror plane and surface, respectively.
The mirror chiral symmetry enables us to define the one-
dimensional winding number,
w(km) = −
1
4πi
∫ π
−π
dksTr
[
Γ H−1(k0)∂ksH(k0)
]
, (69)
where we set ks ≡ k · sˆ and
km ≡ k · mˆ, mˆ = sˆ× oˆ. (70)
The nontrivial value of the winding number ensures the
existence of topologically protected zero energy states
for the momentum k ‖ mˆ. As clarified in Sec. III and
Refs. 38–43, the topologically protected zero modes are
identical to odd-frequency Cooper pair amplitudes.
We now derive the relation between f(ωn) and f(−ωn)
at the surface rs = 0 from the mirror symmetry that
imposes the relation (21) on the quasiclassical propaga-
tor. In the case of the 3He-B, the relation is obtained
in Eq. (36) from the π-rotation in the spin space. The
spin rotation symmetry may be absent in the case of su-
perconducting states, while the mirror symmetry arising
from the crystalline symmetry can be preserved. Using
the mirror symmetry (21) and boundary condition (32)
with Eq.(16), one obtains the relation
f(kˆ, rs = 0;−ωn) = −ηMf(−kˆMs, rs = 0;ωn)M
T. (71)
We have introduced the momentum scattered by the sur-
face and mirror plane kˆMs = kˆM − 2sˆ(sˆ · kˆM). The con-
straint imposed by the mirror symmetry is then recast
into
f(−kˆMs, 0;−ωn) =η
[
f(kˆ, 0;ωn)
−2oˆ
(
oˆ · f(kˆ, 0;ωn)
)]
. (72)
This restricts the component of ETO and OTE pair am-
plitudes emergent in the surface of TRI spin-triplet su-
perconductors.
Let us now focus on a particular segment in the mo-
mentum space, kˆ ‖ mˆ and |km| < kF, in which the
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topologically protected Fermi arc and odd-frequency pair
amplitudes exist. This momentum segment is invariant
under the mirror reflection and scattering at the surface,
kˆMs = kˆ. Using the relation Eq. (72) and focusing on the
momentum segment kˆ = kˆmmˆ, one obtains the explicit
form of ETO pair amplitudes for the particular region of
momentum as
fEFµ =
1
2
(1 + η)fµ − ηoˆµ (oˆ · f) , (73)
where we set fEFµ ≡ f
EF
µ (kˆ0, 0;ωn) and fµ ≡
fµ(kˆ0, 0;ωn). Similarly, the OTE pair amplitude is ob-
tained from Eq. (72) as
fOFµ =
1
2
(1 − η)fµ + ηoˆµ (oˆ · f) . (74)
The ETO and OTE pairs emergent on the surface exhibit
strong anisotropy, since the projection of fEF and fOF
onto the mirror normal axis oˆ is determined by the parity
of ∆(kˆ, r) under the mirror reflection, η:
fEF · oˆ =
1
2
(1− η)oˆ · f , (75)
fOF · oˆ =
1
2
(1 + η)oˆ · f . (76)
This implies that for η = + (η = −), the OTE pair
amplitude is forced by the mirror reflection symmetry
to be parallel (perpendicular) to the mirror normal axis,
oˆ ‖ fOF (oˆ ⊥ fOF).
We illustrate that the anisotropy of the emergent ETO
and OTE pairs is responsible for the anisotropic magnetic
response on the surface. The generic form of the surface
spin susceptibility in Eq. (28) with Eqs. (29) and (30) is
rewritten to
χ ≈ χN +
1
2
(1 − η)χOP +
1
2
(1 + η)χEP, (77)
where the applied field is parallel to the mirror normal
axis, hˆ ‖ oˆ. We here neglect the contributions from the
momentum space of kˆ ⊥ mˆ. In the case of hˆ ⊥ oˆ where
the applied magnetic field lies in the mirror plane, the
surface spin susceptibility is recast to
χ ≈ χN +
1
2
(1 + η)χOP +
1
2
(1− η)χEP. (78)
As discussed in Sec. III, the contribution from ETO pairs,
χEP, are always negative and suppresses the spin sus-
ceptibility relative to χN. This behavior is understand-
able with the orientation of the d-vector to the applied
field. In contrast, χEP is associated with the OTE pairs
and anomalously enhances the surface spin susceptibility
from that of the normal state. Equation (77) and (78)
indicate that the contributions of ETO and OTE pairs
to the spin susceptibility are determined by the parity of
the mirror reflection symmetry, η, introduced in Eq. (66).
Hence, it is from Eqs. (77) and (78) that a TRI spin-
triplet superconductor may exhibit anomalous magnetic
response, when a mirror symmetry is preserved and the
OTE pair amplitudes emerge on the surface.
B. Application to the E1u scenario of UPt3
Let us now consider the E1u scenario of the heavy-
fermion superconductor UPt3 as a prototype of topolog-
ical crystalline superconductors.25,55,56 In the E1u state,
the orbital part of the pair function in the B-phase that
appears in the low temperature and pressure region is
isotropic in the a-b plane. The d-vector is given by the
d-vector as55,56
d(kˆ, r) = ∆1(r)λabˆ+∆2(r)λbaˆ, (79)
for the lower field H < Hrot and
d(kˆ, r) = ∆1(r)λabˆ+∆2(r)λbcˆ, (80)
for the higher field regime H > Hrot of the B phase,
where we introduce λa,b = kˆa,b(5kˆ
2
c − 1) with kˆa ≡ kˆ · aˆ,
kˆb ≡ kˆ · bˆ, and kˆc ≡ kˆ · cˆ. The gap function on three-
dimensional Fermi sphere is displayed in Fig. 5. The E1u
scenario was proposed to understand the rotation of the
d-vectors in the Knight shift measurement forH ‖ c,57,58
and is in good agreement with the recent measurement
of the thermal conductivity that observes the sponta-
neous breaking of two-fold rotational symmetry in the
C phase. Another candidate of the order parameters of
UPt3 has been proposed to be d(kˆ) = cˆ(kˆa ± ikˆb)
2kˆc in
the B phase.59,60 Since this pairing state spontaneously
breaks the time-reversal symmetry, the present argument
based on the time-reversal symmetry and the crystalline
symmetry is not applicable and the Ising spin anisotropy
of the surface bound states is absent.
In the E1u state, the configuration of both the d-
vectors in Eqs. (79) and (80) holds the mirror reflection
symmetry with respect to the a-c plane,
M∆(ka, kb, kc)M
T = ∆(ka,−kb, kc), (81)
which corresponds to the case of η = + in Eq. (66).
As shown in Fig. 5, the point nodes lie on the mirror
plane. The mirror operator is defined as M = iσb. This
situation corresponds to oˆ = bˆ and we set a specular
surface to be normal to sˆ = aˆ. The mirror symmetric
Hamiltonian of the UPt3-B,
MηH(k)Mη† = H(ka,−kb, kc), (82)
holds the chiral symmetry in Eq. (67). Using this Hamil-
tonian, the one-dimensional winding number (69) is eval-
uated as
w(km) =
 2 for k ‖ cˆ and |kc| < kF0 otherwise . (83)
The bulk-edge correspondence ensures the existence of
the zero-energy Majorana valley two point nodes, i.e.,
Esurf(k) = 0 for |kc| < kF and k ‖ cˆ. Therefore, as
shown in Fig. 5, the topologically protected Fermi arc
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appears in the surface of the E1u state of the heavy-
fermion superconductor UPt3-B.
As a generic consequence of the mirror chiral symme-
try, the topologically protected Fermi arc is responsible
for the Ising anisotropic magnetic response that the sur-
face bound states are gapped only by a magnetic field
along the kb-axis (kb ≡ k · bˆ).24,25,27 This is understand-
able with the emergence of OTE pairing on the surface
as discussed in Sec. IVA. It is obvious from Eq. (76) that
for oˆ = bˆ and η = +1, the OTE pairing emergent on the
surface is restricted by the mirror reflection symmetry as
fOF = (0, fOFb , 0), (84)
when a magnetic field is absent. Similarly, the ETO pair-
ing normal to the mirror reflection plane vanishes on the
surface, fEF · bˆ = 0. The anisotropy of the emergent
ETO and OTE pairings is responsible for the anisotropic
spin susceptibility. The surface spin susceptibility con-
tributed from the topologically protected Fermi arc is
obtained from Eq. (77) as
χ ≈ χN + χ
EP > χN, (85)
for hˆ ‖ bˆ. The anomalous enhancement of the surface
spin susceptibility is attributed to the contribution of
odd-frequency Cooper pairs. In contrast, the surface spin
susceptibility is suppressed
χ ≈ χN + χ
OP < χN, (86)
as long as the applied field lie in the mirror plane (hˆ ⊥ bˆ).
The OTE pairing emergent on the surface is not coupled
to the applied field, since fOF · hˆ = 0 and only the ETO
pairing is responsible for the magnetic response. Since
one of the d-vector is parallel to the applied field, the
surface spin susceptibility is rather suppressed from χN.
Hence, the topologically protected Fermi arc in the E1u
state of the UPt3-B possesses the Ising-like anisotropic
magnetic response.
Finally, to confirm the generic argument on emer-
gent odd-frequency and Ising spin susceptibility, we here
explicitly solve the quasiclassical equation (11) for the
dˆ = λabˆ + λbaˆ state. Since the equation is block-
diagonalized to the spin-up and down sectors, the quasi-
classical propagator can be reduced in the Nambu space
to
g(0) = gτz + i (f1τx − σzτyf2) . (87)
Here, for simplicity, we neglect the Fermi liquid correc-
tion term, ν = 0. The quasiclassical equation for f1, f2,
and g is then obtained as
1
2
vF · ∇
 f1f2
g
 =
 0 −ε ∓∆2ε 0 ∆1
−∆2 ∆1 0
 f1f2
g
 . (88)
The homogeneous differential equation with constant co-
efficients can be solved for a semi-infinite system with the
FIG. 5: (color online) A stereographic view of the gap function
(bottom) of the E1u state and the dispersion (top) of the
surface bound state, the Majorana valley. The topologically
protected Fermi arc connects to two point nodes as shown in
the central pannel.
specular boundary condition,
g(0)(kˆ, a = 0; ε) = g(0)(kˆ, a = 0; ε) (89)
by using the procedure developed in Refs. 61,62.
For the dˆ = λabˆ+ λbaˆ state, the quasiclassical propa-
gator g0(kˆ, a; ε) for ε ∈ C is obtained as
g
(0)
0 (kˆ, a; ε) =−
πε
λ(kˆ, ε)
[
1−
∆21(kˆ)
ε2 −∆22(kˆ)
e−2λ(kˆ,ε)a/va
]
,
(90)
where we set va = vF cos(α) with α ∈ [−π/2, π/2]. We
have here introduced
λ(kˆ, ε) ≡
√
|d(kˆ)|2 − ε2, (91)
where |d(kˆ)| = d(kˆ, a =∞) denotes the excitation gap in
the bulk. The poles of the retarded propagator gR0 (E) =
g0(ε→ E + i0+) appear on the real axis
Esurf(k) = ±∆0
∣∣∣5kˆ2c − 1∣∣∣ kˆb = ±∆0k3F ∣∣5k2c − k2F∣∣ kb. (92)
This is the dispersion of the surface bound states, which
is displayed in Fig. 5. The zero energy flat band appears
for kb = 0 and |kc| < kF as expected from the winding
number in Eq. (83).
The quasiclassical propagator still has non-zero com-
ponents,
g(0)c (kˆ, a; ε) = −π
∆1(kˆ)∆2(kˆ)
ǫ2 −∆22(kˆ)
e−2λ(kˆ,ε)a/va . (93)
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This component of the propagator responsible for the
spin current flow in the equilibrium is localized in the sur-
face for the low-energy states |ε| < |d(kˆ)| but extended
to the bulk for |ε| > |d(kˆ)|. The anomalous propagator,
f = (fa, fb, fc), is given as
f (0)a (kˆ, a; ε) =
π∆2(kˆ)
λ(kˆ, ε)
−
π∆21(kˆ)∆2(kˆ)
λ(kˆ, ε)
×
∆21(kˆ)− ε
2
λ2ε2 −∆21(kˆ)∆
2
2(kˆ)
e−2λ(kˆ,ε)a/va , (94)
f
(0)
b (kˆ, a; ε) =
π∆1(kˆ)
λ(kˆ, ε)
(
1− e−2λ(kˆ,ε)a/va
)
+ iπ
ε∆1(kˆ)(∆
2
1(kˆ)− ε
2)
λ2ε2 −∆21(kˆ)∆
2
2(kˆ)
e−2λ(kˆ,ε)a/va ,
(95)
and f
(0)
c (kˆ, a; ε) = 0. Hence, at the surface a = 0, one
finds
f (0)a (kˆ, a = 0;ωn) = f
EF(0)
a (kˆ, a = 0;ωn), (96)
f
(0)
b (kˆ, a = 0;ωn) = f
OF(0)
b (kˆ, a = 0;ωn), (97)
and f
OF(0)
a (kˆ, a = 0;ωn) = f
EF(0)
b (kˆ, a = 0;ωn) = 0.
This is consistent with Eq. (84) that is obtained from
the generic argument based on the mirror symmetry.
The emergent OTE pair amplitude is identical to the
zero energy density of states on the surface. The mo-
mentum resolved density of states defined in Eq. (65) is
obtained from Eq. (90) as
N (kˆ, x;E) =
π
2
∆21(kˆ)
λ(E)
[
δ
(
E − Esurf(kˆ)
)
+ δ
(
E + Esurf(kˆ)
)]
e−2λ(E)a/va , (98)
for the bound states |E| < |d(kˆ)|. The OTE pair ampli-
tude at E = 0 is equivalent for the momentum resolved
density of states,
N (kˆ, a;E = 0) =
1
π
∣∣∣RefOF(kˆ, a;E = 0)∣∣∣ (99)
where N(kˆ, E) =
√
|d(kˆ)|2 − E2. Hence, the zero en-
ergy states protected by the mirror symmetry are equiv-
alent to the OTE pair amplitude. The zero energy den-
sity of states on the surface is responsible for the Ising
anisotropy of the surface spin susceptibility.
V. CONCLUSIONS
In this paper, we have examined the role of an order-
two discrete symmetry on emergent Cooper pair ampli-
tudes and magnetic response in time-reversal invariant
spin-triplet superfluids and superconductors. We have
first derived in Eq. (28) the general form of spin sus-
ceptibility within the quasiclassical formalism, which is
composed of the contributions from the odd-parity pair-
ing and even-parity pairing, χOP and χEP. The former
is associated with ETO pair amplitudes that exist in the
bulk region, while the latter is the contribution from the
odd-frequency Cooper pair amplitudes that emerge in the
surface region as Andreev bound states. The odd-parity
contribution χOP ≤ 0 is understandable with the orienta-
tion of the d-vector to the applied field. In contrast, the
coupling of even-parity Cooper pair amplitudes to the
applied filed gives rise to the anomalous enhancement
of the spin susceptibility, χEP. From generic argument
based on the symmetry and topology of the Bogoliubov-
de Gennes Hamiltonian, we have clarified that an order-
two discrete symmetry preserved by the Hamiltonian im-
poses a strong constraint on the spin state of emergent
Cooper pair amplitudes at the surface, resulting in the
Ising-like anisotropy of surface spin susceptibility.
As promising examples of time-reversal invariant topo-
logical superfluids and superconductors with an order-
two discrete symmetry, we have focused on the super-
fluid 3He-B in Sec. III and heavy-fermion superconduc-
tor UPt3 in Sec. IV. The discrete symmetry in the former
(latter) system originates from the π-rotation of spin and
orbital spaces (mirror reflection symmetry). We have il-
lustrated in Sec. III B that in the case of 3He-B, the spin
state of the emergent Cooper pair amplitudes is associ-
ated with the topological order ℓˆz that characterizes the
topological superfluidity of the 3He-B. In the symmetry
protected topological phase with ℓˆz = 0, the emergent
OTE pairing is not coupled to the applied field by the
order-two discrete symmetry and the surface spin sus-
ceptibility results in χ = χN + χ
OP < χN. For ℓˆz > 0,
however, the OTE pairing is forced to couple to the ap-
plied field, which is responsible for a large paramagnetic
response as χ = χN +χ
EP > χN. By numerically solving
the quasiclassical equations, it is shown that there is the
critical field beyond which the surface spin susceptibility
is anomalously enhanced. This anomalous behavior is
attributed to the OTE pairing enforced by the order-two
discrete symmetry. The anomalous spin susceptibility
is detectable with the NMR measurement in 3He-B con-
fined in a slab geometry under a parallel magnetic field.47
We have also illustrated that owing to the mirror reflec-
tion symmetry, the E1u state
25,55,56 of the UPt3-B yields
the Ising-like anisotropy of the surface spin susceptibil-
ity. The anisotropic magnetic response protected by the
mirror symmetry is not observed in the E2u state that is
another possible scenario for the UPt3-B.
59,60 Since the
E2u state spontaneously breaks time-reversal symmetry,
in the case of the E1u state, the tunneling conductance
might be sensitive to the tilting angle of the magnetic
field from the mirror reflection plane. This theory is ap-
plicable to the A1u and Eu states of CuxBi2Se3 that are
the three-dimensional topological superconducting state
preserving the mirror reflection symmetry.30,31 In this pa-
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per, however, we do not take account of the magnetic field
effect coupled to the orbital motion of electrons. Full un-
derstanding of the tunneling conductance in the UPt3-B
still remains as a future problem.
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Appendix A: Gap equation
We here derive the gap equation (63) for superfluid
3He, where the pairing interaction is contributed from
a p-wave interaction and magnetic dipole-dipole interac-
tion between 3He nuclei. We start with the gap equation
in the Nambu-Gor’kov formalism,
∆ab(k, r) = T
∑
n
∫
dk
(2π)3
Vcdab (k,k
′)Fcd(k
′, r;ωn),(A1)
where the repeated Roman indices imply the sum over
the spins, a, b, c, d =↑, ↓. The anomalous Green’s func-
tions Fab is defined from Eq. (9) as
G(kˆ, r;ωn) =
(
G(k, r;ωn) F(k, r;ωn)
−F¯(k, r;ωn) −G¯(k, r;ωn)
)
(A2)
At the low pressure limit, the pair interaction Vγδαβ(kˆ, kˆ
′)
for 3He atoms is described as
Vcdab (k,k
′) = 3|g|kˆµkˆ
′
µδacδbd −Qµν(k,k
′)σµacσ
ν
bd. (A3)
The first term is an isotropic p-wave interaction with
SO(3)S×SO(3)L×U(1) and the second term arises from
the dipole-dipole interaction between 3He nuclei. The
function Qµν(kˆ, kˆ
′) is obtained from
Qµν(k,k
′) = 4µ2nR
∫
δµν − 3rˆµrˆν
r3
e−i(k−k
′)·rdr, (A4)
where the factor R includes the contributions of high en-
ergy quasiparticles.63,64
Using the partial wave expantion with the ℓ-th spheri-
cal Bessel function jℓ(z) and the spherical harmonic func-
tions Yℓ,m, e
ik·r = 4π
∑
ℓ,m i
ℓjℓ(kr)Y
∗
ℓ,m(kˆ)Yℓ,m(rˆ), the
anisotropic part Qµν(kˆ, kˆ
′) is expaned in terms of the
partial wave series
Qµν(k,k
′) = (4π)2
∑
ℓ,ℓ′
iℓ
′−ℓ
∑
mℓ,mℓ′
cℓℓ′(k, k
′)
× 〈ℓ,mℓ| Qµν |ℓ
′,mℓ′〉Yℓ,mℓ(kˆ)Y
∗
ℓ′,m
ℓ′
(kˆ′). (A5)
Here, cℓℓ′(k, k
′) describes the coupling constant,
cℓℓ′(k, k
′) ≡
∫ ∞
0
1
r
jℓ(kr)jℓ′ (k
′r)dr. (A6)
The anisotropy of the p-wave interaction arises from
〈ℓ,mℓ| Qµν |ℓ
′,m′ℓ〉, which is given by
〈ℓ,mℓ| Qµν |ℓ
′,mℓ′〉 ≡
∫
drˆY∗ℓ,mℓ(rˆ)Yℓ′,mℓ′ (rˆ)
× (δµν − 3rˆµrˆν) . (A7)
Hence, it is seen from Eqs. (A5) and (A7) that the
dipole interaction may induce the higher partial waves
(ℓ > 1). However, since the pairing interaction between
3He atoms is dominated by the SO(3)S×SO(3)L symmet-
ric p-wave channel and the dipole interaction is regarded
as a small perturbation, we take account of only the p-
wave contribution of the dipole interaction,
Qµν(k,k
′)σµacσ
ν
bd ≈g˜Dkµ
[
σηacσ
η
bd
−
3
2
(σµacσ
ν
bd + σ
ν
acσ
µ
bd)
]
k′ν , (A8)
where g˜D≡
24π
5 γ
2R. Substituting Eq. (A8) into Eq. (A3),
the gap equation (A1) is recast into
dµν(r) =− 3|g|
〈
kˆνFµ
〉
kˆ,n
+ g˜D (1 + 3δµν)
〈
kˆνFµ
〉
kˆ,n
+ 3g˜D
[〈
kˆµFν
〉
kˆ,n
−
〈
kˆνFµ
〉
kˆ,n
]
, (A9)
where dµ(k, r) = dµν(r)kˆν = −
1
2Tr[iσyσµ∆(k, r)]. In
the frame of the quasiclassical theory, the gap equation
(A1) is expressed in terms of the quasiclassical propaga-
tors fµ as
dµν(r) =3|g|
〈
kˆνfµ
〉
kˆ,n
− g˜D (1 + 3δµν)
〈
kˆνfµ
〉
kˆ,n
− 3g˜D
[〈
kˆµfν
〉
kˆ,n
−
〈
kˆνfµ
〉
kˆ,n
]
. (A10)
The dipole interaction characterized with the effective
coupling constant g˜D induces distortion to the isotropic
p-wave interaction with the coupling constant g.
Let us now show that for spatially uniform dµν , the
gap equation (A10) reproduces the Leggett angle in the
thermodynamic limit. The quasiclassical propagator g at
the limit is obtained from Eq. (11) with the normalization
condition as
g(kˆ, r;ωn) = −π
iωnτ0 +∆(kˆ)√
ω2n + |d(kˆ)|
2
, (A11)
where for simplicity a magnetic field is assumed to be
absent. Then, the gap equation (A10) is recast into
dµν
(
1− 3|g|J (2)ν
)
= −g˜D
(
3δµνdγγJ
(2)
γ − 2dµνJ
(2)
ν + 3dνµJ
(2)
µ
)
, (A12)
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FIG. 6: (color online) Field-dependence of the stable Leggett
angle ϕ for H ‖ zˆ at T = 0.2Tc0 and D = 20ξ0, where the
nˆ-vector is aligned to the zˆ-axis. The first-order A-B phase
transition occurs at µnH/πTc0 ≈ 0.09 corresponding to 0.36T.
The inset of (a) shows the D-dependence of the Leggett angle
ϕ at H = 0 and T = 0.2Tc0, where the solid curve is obtained
from Eq. (A22).
where
J (n)µ ≡
〈
kˆnµ
π√
ω2n + |d(kˆ)|
2
〉
kˆ,n
. (A13)
We regard the contribution of the dipole interaction as
a small perturbation, which reduces the gap equation
(A12) to
dµν
(
1− 3|g|J (2)ν
)
= −
g˜D
3|g|
(3δµνdγγ − 2dµν + 3dνµ) ,
(A14)
where the higher order terms on g˜D are neglected. With-
out loss of generality, the rotation axis is set to be along
the z-axis in the thermodynamic limit. Then, the or-
der parameter of the B-phase distorted by the dipole
interaction is described as dµν = Rµν(nˆz, ϕ)∆ν , where
∆x=∆y≡∆‖ and ∆z=∆⊥. Substituting this order pa-
rameters into Eq. (A14), one finds the set of three equa-
tions for the amplitudes ∆‖ and ∆⊥ and angle ϕ,
∆⊥
∆‖
(
1− 3|g|J (2)z
)
= −g˜DJ
(2)
z
(
3 cosϕ+ 2
∆⊥
∆‖
)
,
(A15)
1−
3
2
|g|(J (0) − J (2)z ) =
g˜D
2
(J (2)z − J
(0))
(
7 cosϕ+ 3
∆⊥
∆‖
)
,
(A16)
1−
3
2
|g|(J (0) − J (2)z ) = −
5
2
g˜D(J
(0) − J (2)z ). (A17)
Equations (A16) and (A17) determine the relative angle
ϕ of the rotation matrix within the lowest order on g˜D as
ϕ = cos−1
(
−
1
4
∆⊥
∆‖
)
. (A18)
This is consistent to the so-called Leggett angle that was
obtained in Refs. 65–68. The orientation of the nˆ-vector
is determined by the competition between the dipole in-
teraction, magnetic field, and pair breaking effect at the
surface.
We also microscopically determine the angle ϕ that
minimizes the thermodynamic potential with the self-
consistent solutions in a slab geometry. In the Ginzburg-
Landau regime, the dipole energy density fdip is obtained
as46
fdip =
1
5
λDNF
(
d∗µµdνν + d
∗
µνdνµ −
2
3
d∗µνdµν
)
,(A19)
where λD a dimensionless dipole coupling parameter and
approximately independent of pressure. The value is es-
timated as λD ∼ 5× 10−7.46 For simplicity, we here con-
sider the case of a perpendicular magnetic field H ‖ zˆ in
a slab geometry. In this situation, the order parameter
is given as
dµν(z) = Rµη(nˆ, ϕ)
[
∆‖(z) (δη,ν − zˆη zˆν) + ∆⊥(z)zˆη zˆν
]
,
(A20)
where zˆ is the unit vector normal to the surface. ForH ‖
zˆ, the nˆ-vector is always oriented to the surface normal
direction, regardless of the value of H . Substituting this
order parameter to Eq. (A19), one finds that the local
minimum of Fdip ≡
∫
fdipdz exists at
27
nˆ = (0, 0, 1), (A21)
and
ϕ = cos−1
(
−
1
4
〈∆‖(z)∆⊥(z)〉
〈∆2‖〉
)
. (A22)
This solution is obtained by solving ∂Fdip/∂nˆ = 0 and
∂Fdip/∂ϕ = 0. We have here introduced the spatial av-
erage over the slab, 〈· · · 〉 = D−1
∫D
0
· · · dz.
The main panel of Fig. 6 shows the field-dependence
of ϕ forH ‖ zˆ and the inset is the D-dependence at zero
fields, where we fix T = 0.2Tc0 and D = 20ξ0. As seen in
the inset of Fig. 6, the D-dependence of ϕ at zero fields
is in good agreement with Eq. (A22) in the basis of the
Ginzburg-Landau analysis. The angle ϕ approaches zero
at the critical thickness D ≈ 9.8ξ0 that the A-B phase
transition occurs. As seen in the main panel of Fig. 6,
the angle ϕ is relatively insensitive to the increase of the
applied field H .
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